Large-angle Coulomb collisions affect the rates of energy and momentum exchange in a plasma, and it is expected that their effects will be important in many plasmas of current research interest, including in inertial confinement fusion. Their inclusion is a long-standing problem, and the first fully self-consistent method for calculating their effects is presented. This method is applied to "burn" in the hot fuel in inertial confinement fusion capsules and finds that the yield increases due to an increase in the rate of temperature equilibration between electrons and ions which is not predicted by small-angle collision theories. The equilibration rate increases are 50%-100% for number densities of 10 30 m −3 and temperatures around 1 keV. Large-angle Coulomb collisions could affect the collisional rates of exchange of energy in plasmas relevant to inertial confinement fusion (ICF) [1] [2] [3] , even for the simplest initial conditions of the hot fuel spot, or "hot spot," at the center of an ICF capsule. The rates of energy exchange influence the hot spot yield, which then determines whether a burn wave will be initiated.
Large-angle Coulomb collisions affect the rates of energy and momentum exchange in a plasma, and it is expected that their effects will be important in many plasmas of current research interest, including in inertial confinement fusion. Their inclusion is a long-standing problem, and the first fully self-consistent method for calculating their effects is presented. This method is applied to "burn" in the hot fuel in inertial confinement fusion capsules and finds that the yield increases due to an increase in the rate of temperature equilibration between electrons and ions which is not predicted by small-angle collision theories. The equilibration rate increases are 50%-100% for number densities of 10 30 m −3 and temperatures around 1 keV. Large-angle Coulomb collisions could affect the collisional rates of exchange of energy in plasmas relevant to inertial confinement fusion (ICF) [1] [2] [3] , even for the simplest initial conditions of the hot fuel spot, or "hot spot," at the center of an ICF capsule. The rates of energy exchange influence the hot spot yield, which then determines whether a burn wave will be initiated.
An igniting ICF hot spot will have conditions [4] of areal density and temperature of ∼0.3 g=cm 2 and ∼10 keV, respectively. For the expected hot spot radius of tens of microns, these conditions correspond to small values of the Coulomb logarithm ln Λ. It is well known that the relative importance of large-angle Coulomb collisions to the smallangle Coulomb collisions which dominate interactions in classical plasmas is Oð1= ln ΛÞ [5] . There is currently no self-consistent method for calculating the effects of largeangle Coulomb collisions in plasmas, and their inclusion is a long-standing problem [5] [6] [7] .
Calculating their effects is therefore expected to be important in the 2 ≲ ln Λ ≲ 5 regime, which includes high intensity laser-plasma interactions at solid density [8] , degenerate plasmas [9] , ICF, and stellar cores [10, 11] . Wide ranging experimentally detectable consequences of large-angle collisions have been described for the shape and evolution of distribution functions [12] [13] [14] [15] , for fusion reactivities or as a diagnostic in both ICF and magnetic confinement fusion [16] [17] [18] [19] [20] [21] [22] [23] , for plasma properties such as particle stopping and temperature equilibration [24] [25] [26] , and for "athermal" fusion [3, 27] . The first experimental observation of a non-Maxwellian distribution due to largeangle collisions was on the JET tokamak [28] .
We have, for the first time, developed a way of performing fully self-consistent calculations of the effects of largeangle collisions that apply to plasmas with ln Λ ≳ 2. In this Letter, we present this method, demonstrate its use, and show that there are significant differences with small-angle collision only theories.
The most dramatic effect is to increase the yield beyond what is predicted by small-angle-only theories by 20%-70% in 6 ps depending on the choice of large-angle collision model when considering the evolution of a simple hot spot. This increase occurs because large-angle collisions allow the reacting ion species, deuterium (D) and tritium (T), to heat up more quickly than when only counting small-angle collisions, and the neutron yield in ICF is strongly dependent on ion temperature. The attainment of higher temperatures earlier is due to an increase in the rate of equilibration of temperature between ions and electrons [29] . This is a direct consequence of the self-consistent inclusion of large-angle collisions.
Large-angle collisions involve a large transfer of energy or momentum per collision, as opposed to small-angle collisions. These two types of collision are also known as "close" and "remote" collisions, respectively, due to the relationship between impact parameter b and scattering
ij Þ, and q is the charge, m ij is the reduced mass, v ij is the relative velocity, and the species are denoted by i and j.
Other plasma theories, such as Vlasov-Fokker-Planck (VFP), are only applicable in classical plasmas with ln Λ ≫ 1 as they either ignore large-angle Coulomb collisions [15] , approximate them by overcounting the effects of small-angle collisions in ln Λ [6] , or have to be expanded to higher order in the change in momentum in a collision to recover some of the effects [25] .
Though small-angle collisions are important for the overall exchange of energy in plasmas with 2 ≲ lnΛ ≲ 5, the impact of fewer large-angle collisions with larger transfers of energy per collision cannot be ignored; they must be taken into account in order to get the rate of exchange of energy correct [25, 26] . That the changes in energy per collision are discontinuous is also important; continuous loss models fail for large-angle scattering [30] .
Existing models of large-angle collisions are not selfconsistent. Some only model the athermal part of the distribution function, and neglect feedback on its bulk [3] , or assume a steady state [27] . Others use an initial non-Maxwellian distribution, but evolve it using the smallangle-only VFP equation [19] . A cutoff in impact parameter is always required, and is either ∼b ⊥ or is imposed by computational limits. We develop an approximate theory for the cutoff based on physical motivations.
We take large-angle collisions to be true binary collisions, where the full postcollision trajectory is followed according to the Rutherford cross section. This is different from "multiple" small-angle scattering in which a particle is deflected due to an ensemble of particles within its Debye sphere (a sphere of radius the plasma Debye length λ D ). Multiple small-angle scattering is described using the binary collision approximation, but particles undergoing this scattering do not follow the postcollision trajectory of two particles interacting with the Rutherford cross section. There are two equivalent pictures of the origin of large-angle, and multiple smallangle, collisions.
In one, described by Cohen, Spitzer, and McRoutly [6] , and others [5, 31] , it is the long range of the Coulomb force that causes remote particles to dominate interactions in classical plasmas. These long-range forces are cut off at b ¼ λ D in order to avoid the divergence in the cross section. However, they note that there must be some finite distance b c ≤ λ D where the interaction with one other particle becomes dominant, that if there were no large deflections, then plasmas would be fully described by VFP, and that the omission of large-angle encounters introduces a larger error as λ D =b ⊥ and ln Λ become smaller. The other view, from Sivukhin [7] , is that the divergence arises because Rutherford implicitly assumes infinite interaction times, but the time for remote interactions must be constrained. This is because deflection angles in remote collisions must both be small and increase with interaction time. Largeangle collisions are effectively instantaneous by comparison; thus, particles follow the "full" Rutherford collision trajectory.
All of the authors recommend approximating large-angle collisions by using b c ¼ 0, with Sivukhin adding, "Such an approach … cannot pretend to give a completely adequate description of the true situation." Both interpretations suggest the use of an impact parameter b ¼ b c that defines the crossover between large-and small-angle scattering, so that the former is restricted in angle to jθ c ðb c Þj ≤ jθj ≤ π and the latter to 0 ≤ jθj < jθ c ðb c Þj.
Values for b c used by previous authors include 0, b ⊥ , 2b ⊥ [5] , 5.67b ⊥ [19] , and values set by computational considerations [3] . Following other authors, simulations are performed with b c ¼ b ⊥ , which corresponds to a cutoff in angle of θ c ¼ π=2, and b c ¼ 0, which corresponds to Monte Carlo calculations with small-angle collisions only. Additionally, it is desirable to perform calculations with a physically motivated cutoff, and one approach would be to use molecular dynamics (MD) simulations. However, MD interactions are typically cut off at short range (to prevent electrons becoming infinitely bound) with an arbitrary "smoothing parameter" or "small-ball radius" [32] , and b c would be sensitive to this parameter.
We therefore perform calculations with a third, physically motivated, value of b c based on determining the distance at which the potential on particle
−r ij =λ D =ð4πϵ 0 r ij Þ, where r ij is the distance of j from i. For i, b ϕ is the value of r ij which satisfies
where j is the nearest neighbor (of its species) of i, and m runs over all other particles. Substituting r ij ¼ b ϕ ðj; iÞ in Eq. (1) gives ϕ ji ðb ϕ Þ ¼ P m ϕ mi ðr im Þ. Evaluating r m time dependently would mean solving Liouville's equation, so an average model is used. Let s represent a species. It is assumed that the distance to the nearest particle of species s will be, on average, found from −1=3 , then the mth particle away is given by r s∶m ¼ m 1=3 r s . That average particle separations are ∝ r 0 is supported by the Holtsmark theory [35, 36] . Then ϕ ji ðb ϕ Þ ¼ P s q s I s =ð4πϵ 0 r s Þ, where
where x ¼ r s =λ D , s is species, m runs over all particles of species s, and it is assumed that the m → ∞ limit can be taken. Equation (1) is solved numerically with k ≳ 50 to ensure convergence. When two species have different charges, the lower of the two values of b ϕ is used to ensure both experience a true binary collision. Using b c ¼ b ϕ , the probability of large-angle collisions relative to small-angle collisions tends to zero for large ln Λ.
A plasma Monte Carlo code [37, 38] has been extended to include large-angle collisions with a cutoff at b c . The code includes fusion of D and T ions, a feature that has been benchmarked against other results [39] . In multiple-scattering-only Monte Carlo calculations, angles are picked from θ ∼ N ð0; hΘ 2 iÞ, where hΘ 2 i ¼ nΔtv ij 8πb 2 ⊥ ln Λ. Δt is the computational time step, and n ¼ minfn i ; n j g. The modified collision algorithm requires that multiple scattering be restricted to impact parameters b ∈ ðb c ; b max Þ and a variance of hΘ 2 i ¼ nv ij Δt8πb 2 ⊥ ln Λ M , where
and the total Coulomb logarithm is ln
Subscripts M and L refer to multiple and large-angle scattering, respectively. Also,
where the total particle sphere radius is r 0 ¼ ð4π P i n i =3Þ −1=3 , and λ dB is the de Broglie wavelength. Subsequent references to ln Λ mean this version, which is valid for N D ≳ 10 [40] . In the simulations presented, this is satisfied and ion-ion correlations are negligible. The Rutherford differential scattering cross section gives a large-angle-only cross section of σ L ¼ πb 2 c . The probability of a large-angle collision in Δt is P L ¼ nv ij Δtπb 2 c . The scattering probability density function given that a largeangle collision occurs is P L ðθÞdθ ¼ ð1=σ L Þðdσ=dθÞdθ. C L ðθÞ is the cumulative distribution function defined by
Using random numbers U ∼ Uð0; 1Þ in the inverse cumu-
L ðUÞ, the large angles to perform scattering with are generated. The sign is positive or negative with equal probability. Note that C −1
⌊P L ⌋ is the floor function, which returns the largest integer not greater than P L . U is not reused as at least one collision occurs if P L > 1, and the random number comparison is with the noninteger portion of P L , ensuring that the number of large-angle collisions is insensitive to Δt. This preserves the OðNÞ operations scaling for N computational particles as the number of collisions of both types is ð1 þ P L ÞN, with P L independent of N.
Using this method, an ICF hot spot [41] is simulated. D, T, and electrons are initiated in thermal equilibrium at T ¼ 5 keV and n ¼ 4.52 × 10 31 m −3 in 0D3V. gives a yield that is ∼46% higher. That the inclusion of large-angle collisions produces an increase in yield is a result which is not obvious given the reduction in energy loss via smallangle collisions that occurs because ln Λ is replaced by ln Λ M when using b c ¼ b ⊥ or b c ¼ b ϕ . Loss mechanisms, such as thermal conduction, radiation, and α escape, are not included; even in this simple case, there is a significant discrepancy with small-angle-only theories. The less likely D þ D and T þ T fusion reactions are also omitted.
One possible explanation for the increased yield is the driving of non-Maxwellian distribution functions by largeangle collisions with αs. These potentially enhance the tail of the distributions of D and T close to the peak of the fusion cross section. Figure 2 shows the distribution of αs and D for the maximum departure from a Maxwellian. The D distribution is calculated time dependently and selfconsistently; the athermal tail is driven by high energy αs knocking thermal ions up to energies many times their initial energy. There is also thermal broadening of the α distribution caused by high energy ions fusing. However, Fig. 2 shows the maximum departure from a Maxwellian in a reacting ion species for all simulations considered. D and T remain Maxwellian in the b c ¼ 0, small-angleonly simulation, while b c ¼ b ⊥ only has small deviations from equilibrium, except for depletion effects at late times. But it is b ⊥ , not b ϕ , which has the largest yield. Electrons   FIG. 1 (color online) . Yield for ICF with a lossless hot spot using different values of the cutoff b c . always remain Maxwellian due to their short selfequilibration time. The athermal tail of the distribution formed for b ϕ is relatively small, as is the proportion of αs above their creation energy. Using the simulation data, time-integrated neutron spectra were obtained that showed no features attributable to the tail. The reason for the larger tail when using the b c ¼ b ϕ model is that b ϕ is larger than b ⊥ for collisions between slowing αs and fuel ions, so there are more knocked-on fuel ions relative to the other models.
The increases in yield for b c ≠ 0 have another explanation. The increase is larger for b ⊥ than for b ϕ , and it is found that b ⊥ is greater for electron-ion collisions than b ϕ , whereas b ϕ is larger for ion-ion collisions. Therefore, fewer ions are knocked up to higher energies for b ⊥ , but electrons absorb energy faster from αs. With b c ¼ b ⊥ , electrons also exchange energy faster with thermal ions, therefore increasing the equilibration rate and causing the ions to become hotter sooner. This is confirmed by smaller differences in temperature between fuel ions and electrons correlating with b c ≠ 0. The smallest ΔT always occurs with b c ¼ b ⊥ . This implies that a change in the rate of equilibration of temperature between electrons and ions causes the increase in yield.
To clearly demonstrate that higher ion temperatures occur earlier with large-angle collisions, we simulate equilibration without fusion. In Fig. 3 , equilibration between D at T D ¼ 1 keV and electrons at T e ¼ 0.5 keV is shown, both with n ¼ 2 × 10 30 m −3 . Non-Maxwellians are not driven as the self-equilibration times of both species are shorter than their interspecies equilibration time. We compare equilibration using both the b c ¼ b ϕ and b ¼ b ⊥ models against the widely used Landau-Spitzer [5, 29] small-angle equilibration model and its Monte Carlo equivalent b c ¼ 0. Both of these models use ln Λ as defined below Eq. (4). In comparison to Landau-Spitzer or b c ¼ 0 Monte Carlo calculations, large-angle collisions increase the equilibration rate. The rate increase is ∼100% for b c ¼ b ⊥ and ∼50% for b c ¼ b ϕ . Therefore, the attainment of hotter ion temperatures earlier due to a higher electronion equilibration rate is the main cause of the increased yield in Fig. 1 .
The effects on yield of considering thermal conduction, radiation, finite size, and large-angle collisions would require more detailed calculations. An indication that increased yield is likely in practice is obtained from the 1D radiationhydrodynamics code NYM [42] , which showed that a global increase of the electron-ion equilibration rate by 100% increased the yield of a 5 keV and ∼140 g=cc hot spot by 8% [43] .
ICF experiments have not yet reached the conditions needed to ignite a hot spot. This is partly due to spatial hot spot nonuniformities [44] . The attainment of higher yields in the future will provide opportunities to verify the effects of large-angle collisions by comparing burn evolution with and without them within a more extensive model. Additional effects such as particle indistinguishability, spin statistics, and nuclear elastic scattering (NES) are ignored. The equilibration rate increase identified in Fig. 3 is not affected by NES, which only acts between hadronic species. Though Coulomb and NES cross sections for ionion scattering at energies above 1 MeV are both of order barn [19, 45] , the cross sections (both small and large angle) for the stopping of fast ions on electrons by Coulomb collisions are much larger. Only for b c ¼ b ⊥ and fast ionion scattering is the NES cross section greater than the large-angle collision cross section, implying that the most likely consequence of NES is a small enhancement of the tails on ion distributions. Also ignored are inelastic scattering processes and light nuclei break-up reactions [23] .
The increase in electron-ion equilibration rate when including large-angle collisions is a surprising result given the corresponding reduction in the strength of small-angle collisions, and is likely to be required to accurately calculate ICF yield. Large-angle collisions must be taken into account to obtain the correct temperature equilibration rate. The effects described cannot be predicted by fluid or VFP models, which are incapable of reproducing, selfconsistently, the large jumps in particle energy that occur due to large-angle collisions.
We have provided a new technique to evaluate the effects of large-angle collisions in plasmas with ln Λ ≳ 2 and shown that their inclusion can have significant consequences for the yield in ICF due to an increased rate of temperature equilibration between ions and electrons.
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